Usually models for quantum computations deal with unitary gates on pure states. In this paper we generalize the usual model. We consider a model of quantum computations in which the state is an operator of density matrix and the gates are quantum operations, not necessarily unitary. A mixed state (operator of density matrix) of n two-level quantum systems is considered as an element of 4 n -dimensional operator Hilbert space. Unitary quantum gates and nonunitary quantum operations for n-qubit system are considered as generalized quantum gates acting on mixed state. In this paper we study universality for quantum computations by quantum operations on mixed states. PACS 3.67.Lx Keywords: Quantum computations, quantum gates, mixed states, quantum operations
I Introduction
Usual models for quantum computations deal only with unitary gates on pure states. In these models it is difficult or impossible to deal formally with measurements, dissipation, decoherence and noise. Understanding dynamics of mixed states is important for studying quantum noise processes [1, 2, 3] , quantum error correction [4, 5, 6] , decoherence effects [7, 9, 8, 10, 11] in quantum computations and to perform simulations of open quantum systems [12, 13, 14, 15, 16, 17] . It turns out, that the restriction to pure states and unitary gates is unnecessary [18, 19] .
In this paper we generalize the usual model of quantum computations to a model in which the state is a density matrix operator and the gates are general quantum operations, not necessarily unitary. Pure state of n two-level quantum systems is an element of 2 n -dimensional Hilbert space. Usually the gates of this model are unitary operators act on a such state. In general case, mixed state (operator of density matrix) of n two-level quantum systems is an element of 4 n -dimensional operator Hilbert space. The gates for mixed states are general quantum operations which act on general mixed states. Unitary gates and quantum operations for quantum two-valued logic computations are considered as four-valued logic gates of new model. The space of linear operators acting on a N = 2 n -dimensional Hilbert space is a N 2 = 4 n -dimensional operator Hilbert space. The mixed state of n two-level quantum system is an element of 4 n -dimensional operator Hilbert space. It leads to 4-valued logic model for quantum computations with mixed states. In the paper we consider universality for general quantum gates acting on mixed states. The condition of completely positivity leads to difficult inequalities for gate matrix elements [46, 43, 44, 45] . In order to satisfy condition of completely positivity we use the following representation. Any linear completely positive quantum operation can be represented bŷ . A two-qubit gateÊ is called primitive ifÊ maps tensor product of single ququats to tensor product of single qubits. The gateÊ is called imprimitive ifÊ is not primitive. We prove that almost every pseudo-gate that operates on two or more ququats is universal pseudo-gate. The set of all single ququat pseudo-gates and any imprimitive two-ququats pseudo-gate are universal set of pseudo-gates.
In Section 2, we introduce generalized computational basis and generalized computational states for 4 n -dimensional operator Hilbert space. In the Section 3, we study some properties of general quantum gates. General quantum operations are considered as generalized quantum gates. In the Section 4, we consider a universal set of quantum 4-valued logic gates. In the Section 5, unitary 2-valued logic gates are considered as generalized quantum gates. We realize classical 4-valued logic gates by quantum gates. In Appendix 1, the physical and mathematical background (pure and mixed states, operator Hilbert space and superoperators) are considered. In Appendix 2, we introduce a four-valued classical logic formalism.
II Computational basis for mixed states
In general, a quantum system is not in a pure state. Landau and von Neumann introduced a mixed state and a density matrix into quantum theory. A density matrix is a Hermitian (ρ † = ρ), positive (ρ > 0) operator on H (n) with trace T rρ = 1. Pure states can be characterized as orthogonal projections of unit trace: ρ 2 = ρ, ρ † = ρ, T rρ = 1. A pure state is represented by the operator ρ = |Ψ >< Ψ|.
One can represent an arbitrary density matrix operator ρ(t) for n-qubits (n two-level quantum systems) in terms of tensor products of Pauli matrices σ µ :
where each µ i ∈ {0, 1, 2, 3}, i = 1, ..., n and σ 0 = I. If µ i = 1, 2, 3, then σ µi are Pauli matrices.
The real expansion coefficients P µ1...µn (t) are given by
Normalization (T rρ = 1) requires that P 0...0 (t) = 1. Since the eigenvalues of the Pauli matrices are ±1, the expansion coefficients satisfy |P µ1...µn (t)| ≤ 1. Let us rewrite (1) in the form:
where σ µ = σ µ1 ⊗ ... ⊗ σ µn , µ = (µ 1 ...µ n ) and N = 4 n . Let us introduce generalized computational basis and generalized computational states for 4 n -dimensional operator Hilbert space. For the concept of operator Hilbert space and superoperators see Aappendix 1 and [20] - [29] . Pauli matrices can be considered as a basis of operator Hilbert space (see Appendix 1) .
We can rewrite formulas (2) using the complete operator basis |σ µ ) in operator Hilbert space H (n) :
where P µ (t) = (σ µ |ρ(t)). The basis |σ µ ) is orthogonal, but is not orthonornal. Let us define the orthonormal basis |µ) of operator Hilbert space H (n) . The basis for H (n) consists of the N 2 = 4 n orthonormal basis elements denoted by |µ).
Definition A basis of operator Hilbert space H
where each µ i ∈ {0, 1, 2, 3}, N = 4 n and
is called a generalized computational basis. Here µ is 4-valued representation of µ = µ 1 4 n−1 + ... + µ n−1 4 + µ n . Example. In general case, one-qubit mixed state ρ(t) is
where four orthonormal basis elements are |µ) = (1/ √ 2)|σ µ ), (µ = 0, 1, 2, 3). The usual computational basis {|k >} is not a basis of general state ρ(t) which has a time dependence. In general case, a pure state evolves to mixed state.
Pure state of n two-level quantum systems is an element of 2 n -dimensional functional Hilbert space H (n) . It leads to model of quantum computations with 2-valued logic. In general case, the mixed state ρ(t) of n two-level quantum system is an element of 4 n -dimensional operator Hilbert space H (n) .
It leads to 4-valued logic model for quantum computations.
The state |ρ(t)) at any point time is a superposition of basis elements
where ρ µ (t) are real numbers (functions)
Note that ρ 0 (t) = (0|ρ(t)) = 1/ √ 2 n T rρ(t) = 1/ √ 2 n for all cases.
Generalized computational basis elements |µ) are not quantum states for µ = 0. It follows from normalized condition (0|ρ(t)) = 1/ √ 2. Let us define simple computational quantum states. Definition A quantum states in operator Hilbert space defined by 
It is convenient to use matrices for quantum states. In matrix representation the single ququat computational basis |µ) and computational states |µ] can be represented by column [19] .
We can use the other matrix representation for the states |ρ] which has no the coefficient 1/ √ 2 n . The single qubit generalized computational states |µ] can be represented by column of 1, P 1 , P 2 , P 3 . A general single ququat quantum state |ρ] is a superposition of generalized computational states
III Quantum operations as quantum gates
In this section we consider some properties of quantum operations as four-valued logic gates. Unitary evolution is not the most general type of state change possible for quantum systems. A most general state change of a quantum system is a positive trace-preserving map which is called a quantum operation or superoperator. For the concept of quantum operations see [30, 31, 2] . In the formalism of quantum operations the final state ρ ′ is related to the initial state ρ by a map
The trace in the denominator is induced in order to preserve the trace condition, T r(ρ ′ ) = 1. In general case, this denominator leads to the map is nonlinear, where the map E is a linear positive map.
The quantum operation E usually considered as a completely positive map. The most general form for completely positive quantum operation E is
By definition, T r(E(ρ)) is the probability that the process represented by E occurs, when ρ is the initial state. The probability never exceed 1. The quantum operation E is tracedecreasing, i.e. T r(E(ρ)) ≤ 1 for all density matrix operators ρ. This condition can be expressed as an operator inequality for A j . The operators A j must satisfy
The normalized post-dynamics system state is defined by (3) . The map (3) is nonlinear trace-preserving map. If the linear quantum operation E is trace-preserving T r(E(ρ)) = 1, then
Notice that a trace-preserving quantum operation E(ρ) = AρA † must be a unitary transformation (A † A = AA † = I). Quantum operations can be considered as generalized quantum gates act on mixed states. Let us define a generalized quantum gates.
Definition Quantum (four-valued logic) gate is a superoperatorÊ on operator Hilbert space H
(n) which maps a density matrix operator |ρ) of n-ququats to a density matrix operator |ρ ′ ) of n-ququats. A generalized quantum gate is a superoperatorÊ which maps density matrix operator |ρ) to density matrix operator |ρ ′ ). If ρ is operator of density matrix, thenÊ(ρ) should also be a density matrix operator. Any density matrix operator is self-adjoint (ρ † (t) = ρ(t)), positive (ρ(t) > 0) operator with unit trace (T rρ(t) = 1). Therefore we have some requirements for superoperatorÊ. The requirements for a superoperatorÊ to be a generalized quantum gate are as follows: 3. The superoperatorÊ is trace-preserving map, i.e.
3.1. The superoperatorÊ is a linear map of density matrix operators. Any linear completely positive superoperator can be represented byÊ
3.2. The restriction to linear gates is unnecessary. Let us considerÊ is a linear superoperator which is not tracepreserving. This superoperator is not a quantum gate. Let (I|Ê|ρ) = T r(Ê(ρ)) is a probability that the process represented by the superoperatorÊ occurs. Since the probability is nonnegative and never exceed 1, it follows that the superoperatorÊ is a trace-decreasing superoperator:
In general case, the linear trace-decreasing superoperator is not a quantum four-valued logic gate, since it can be not tracepreserving. The generalized quantum gate can be defined as nonlinear trace-preserving gateN bŷ
whereÊ is a linear completely positive trace-decreasing superoperator. Four-valued logic gatesÊ in the matrix representation can be represented by 4 n × 4 n matrices E µν . In this matrix representation the gateÊ maps the state |ρ(t 0 )) =
where
, it follows that relation (5) for linear gateÊ is equivalent to
Lemma 1 In the generalized computational basis |µ) any linear two-valued logic quantum operation E can be represented as a quantum four-valued logic gateÊ defined bŷ
where N = 4 n ,
,
Here N = 4 n , µ and ν are 4-valued representation of
and E µν are elements of some matrix.
Proof. The state ρ(t) in the generalized computational basis |µ) has the form
where N = 4 n and ρ µ (t) = (µ|ρ(t)). The quantum operation E defines a four-valued logic gate by
Finally, we obtain (5), where
This formula defines a relation between quantum operation E and the real 4 n × 4 n matrix E µν of quantum gateÊ.
Lemma 2
In the generalized computational basis |µ) the matrix E µν of general quantum four-valued logic gate (4) is real E * µν = E µν .
Proof.
Lemma 3 Any real matrix E µν associated with linear (tracepreserving) quantum gates (4) has
Completely positive condition leads to some inequalities [44, 45, 46] for matrix elements E µν . Let us consider the n-ququats linear quantum gatê
where N = 4 n . In general case, linear quantum 4-value logic gate acts on |0) byÊ
If all T k , where k = 1, ..., N − 1 is equal to zero, then E|0) = |0). The linear quantum gates with T = 0 conserve the maximally mixed state |0] invariant.
Definition A quantum four-valued logic gateÊ is called unital gate or gate with T = 0 if maximally mixed state |0] is invariant under the action of this gate:Ê|0] = |0].
The matrix E µν of linear trace-preserving n-ququats gatê E is an element of group T GL(4 n − 1, R) which is a semidirect product of general linear group GL(4 n − 1, R) and translation group T (4 n − 1, R). This proposition follows from Lemma 3. Any element (gate matrix E µν ) of group T GL(4 n − 1, R) can be represented by
where T is a column with 4 n − 1 elements, 0 is a line with 4 n −1 zero elements, and R is a real
, then we have motion group [42] . The group multiplication of elements E(T, R) and
In particular, we have
where I is unit (4 n − 1) × (4 n − 1) matrix. Let us consider the n-ququats linear gate (7). The gate matrix E(T, R) is an element of Lie group T GL(N − 1, R), here N = 4
n . The matrix R is an element of Lie group GL (N − 1, R) .
Proof. This theorem is proved in [47, 48, 49, 41] . 
is a translation quantum gate, such that
Proof. The proof of this theorem can be easy realized in matrix representation by using Lemma 3 and Theorem 1.
As a result we have that any trace-preserving gate can be realized by 3 types of gates: (1) unital orthogonal quantum gatesÛ with matrix U ∈ SO(4 n − 1, R); (2) unital diagonal quantum gateD with matrix D ∈ D(4 n −1, R); (3) nonunital translation gateÊ (T ) with matrix E (T ) ∈ T (4 n − 1, R).
IV Universal set of quantum gates
The condition for performing arbitrary unitary operations on pure state to realize a quantum computation by unitary dynamics is well understood [35, 36, 37, 38] . Using a universal gate set, quantum computations may realize the time sequence of operations corresponding to any unitary dynamics. Deutsch, Barenco and Ekert [36] , DiVincenzo [37] and Lloyd [38] showed that almost any two-qubits quantum gate is universal. It is known [35, 36, 37, 38 ] that a set of quantum gates that consists of all one-qubit gates and the two-qubits exclusive-or gate is universal in the sense that all unitary operations on arbitrary many qubits can be expressed as compositions of these gates. Recently in the paper [39] was considered universality for n-qudits quantum gates. The same is not true for the general quantum operations. In the paper [14] single qubit quantum system with Markovian dynamics was considered and the resources needed for universality of general quantum operations was studied. An analysis of completely-positive trace-preserving superoperators on single qubit density matrices was realized in papers [43, 44, 45] .
Let us study universality for general quantum four-valued logic gates. A set of quantum four-valued logic gates is universal iff all quantum gates on arbitrary many ququats can be expressed as compositions of these gates. A set of quantum four-valued logic gates is universal iff all unitary twovalued logic gates and general quantum operations can be represented by compositions of these gates. Single ququat gates cannot map two initially un-entangled ququats into an entangled state. Therefore the single ququat gates or set of single ququats gates are not universal gates. Quantum gates which are realization of classical gates cannot be universal by definition, since these gates evolve generalized computational states to generalized computational states and never to the superposition of them.
Let us consider linear completely positive tracedecreasing superoperatorÊ. This superoperator can be represented in the form (4), whereL A andR A are superoperators on H (n) defined byL A |B) = |AB) andR A |B) = |BA).
The n-ququats linear gateÊ is completely positive tracepreserving superoperator such that the gate matrix is an element of Lie group T GL(4 n − 1, R). In general case, the n-ququats nonlinear gateN is defined by completely positive trace-decreasing linear superoperatorÊ such that the gate matrix is an element of Lie group GL(4 n , R). The condition of completely positivity leads to difficult inequalities for gate matrix elements [46, 43, 44, 45] . In order to satisfy condition of completely positivity we use the representation (4).
To find the universal set of completely positive (linear or nonlinear) gatesÊ we consider the universal set of the superoperatorŝ
The matrices of superoperatorsL A andR A are connected by complex conjugation. Obviously, the universal set of these superoperators defines a universal set of completely positive superoperatorsÊ of the quantum gates.
Let the superoperatorsL A andR A † be called pseudogates. These superoperators can be represented bŷ
µν |µ)(ν|.
Lemma 4 The matrix E µν of the completely positive superoperator (4) can be represented by
Proof. This Lemma can be easy prooved in matrix representation [19] . The matrix elements L (jA) µα and R (jA † ) αν can be rewritten in the form
we get the matrices L 
µα . We can write the gate matrix (8) in the form
A two-ququats gateÊ is called primitive [39] ifÊ maps tensor product of single ququats to tensor product of single ququats, i.e. if |ρ 1 ) and |ρ 2 ) are ququats, then we can find ququats |ρ
The superoperatorÊ is called imprimitive ifÊ is not primitive.
It can be shown that almost every pseudo-gate that operates on two or more ququats is universal pseudo-gate.
Theorem 3. The set of all single ququat pseudo-gates and any imprimitive two-ququats pseudo-gate are universal set of pseudo-gates.
Proof. Expressed in group theory language, all n-ququats pseudo-gates are elements of the Lie group GL(4 n , C). Two-ququats pseudo-gatesL are elements of Lie group GL(16, C). The question of universality is the same as the question of what set of superoperatorsL sufficient to generate GL(16, C). The group GL(16, C) has (16) 2 = 256 independent one-parameter subgroups GL µν (16, C) of one-parameter pseudo-gatesL (µν) (t) such thatL (µν) (t) = t|µ)(ν|. Infinitesimal generators of Lie group GL(4 n , C) are defined byĤ
where µ, ν = 0, 1, ..., 4 n − 1. The generatorsĤ µν of the one-parameter subgroup GL µν (4 n , R) are superoperators of the formĤ µν = |µ)(ν| on H (n) which can be represented by 4 n × 4 n matrix H µν with elements (H µν ) αβ = δ αµ δ βν . The set of superoperatorsĤ µν is a basis (Weyl basis [40] ) of Lie algebra gl(16, R) such that
where µ, ν, α, β = 0, 1, ..., 15. Any elementĤ of the algebra gl(16, C) can be represented bŷ
where h µν are complex coefficients.
As a basis of Lie algebra gl(16, C) we can use 256 linearly independent self-adjoint superoperators 
For any Hermitian generatorsĤ exists one-parameter pseudo-gatesL(t) which can be represented in the form L(t) = exp itĤ such thatL † (t)L(t) =Î. Let us write main operations which allow to derive new pseudo-gatesL from a set of pseudo-gates. 1) We introduce general SWAP (twist) pseudo-gatê
is obtained directly fromL by exchanging two ququats. 2) Any superoperatorL on H (2) generated by the commuta-
where t n = 1/ √ n. Thus we can use the commutator i[Ĥ µν ,Ĥ αβ ] to generate pseudo-gates. 3) Every transformationL(a, b) = expiĤ(a, b) of GL(16, C) generated by superoperatorĤ(a, b) = aĤ µν + bĤ αβ , where a and b is complex, can obtained fromL µν (t) = exp itĤ µν andL αβ (t) = exp itĤ αβ by
For other details of the proof, see [37, 36, 39, 35, 38] .
V Examples of general quantum gates V.1 Unitary quantum gates
Let us use Lemma 1. In the generalized computational basis any unitary two-valued logic gate U can be considered as a quantum four-valued logic gate:
where U µν is a real matrix such that
This formula defines a relation between unitary quantum twovalued logic gates U and the real 4 n × 4 n matrix U. Any four-valued logic gate associated with unitary 2-valued logic gate by (10,11) is unital gate, i.e. gate matrix U defined by (11) has U µ0 = U 0µ = δ µ0 .
Using T rσ µ = δ µ0 we get U µ0 = δ µ0 . Let us denote the gateÛ associated with unitary twovalued logic gate U byÊ (U) . 
Lemma 5 If
Proof. LetÊ (U) is defined bŷ
In the matrix representation we have
T . Finally, we obtain (12). Note that n-qubit unitary two-valued logic gate U is an element of Lie group SU (2 n ). The dimension of this group is equal to dim SU (2
The matrix of n-ququat orthogonal linear gateÛ =Ê (U) can be considered as an element of Lie group SO(4 n − 1). The dimension of this group is equal to dim SO(4
Therefore not all orthogonal 4-valued logic gates for mixed and pure states are connected with unitary 2-valued logic gates for pure states.
Let us consider single ququat 4-valued logic gateÛ associated with unitary single qubit 2-valued logic gate U .
Lemma 6 Any single-qubit unitary quantum two-valued logic gate can be realized as the product of single ququat simple rotation gatesÛ
(
where α, θ and β are Euler angles.
Proof. See [19] . Example 1. In the generalized computational basis the unitary NOT gate ("negation") of two-valued logic
is represented by quantum four-valued logic gatê
Example 2. The Hadamar two-valued logic gate
can be represented as a four-valued logic gate bŷ
V.2 Measurements as quantum gates
It is known that von Neumann measurement operation E is
where {P k |k = 1, .., r} is a (not necessarily complete) sequence of orthogonal projection operators on H (n) .
Let P k are projectors onto the pure state |k > which define usual computational basis {|k >}, i.e. P k = |k >< k|.
Lemma 7 A nonlinear four-valued logic gateN for von Neumann measurement (13) of the state
Proof. The trace-decreasing quantum operation E k is defined by ρ → ρ ′ = E k (ρ) = P k ρP k . The superoperatorÊ for this quantum operation has the formÊ k =L P kR P k and |ρ
The probability that process represented byÊ k occurs is
α=0 E 0α ρ α = 0, then the matrix for nonlinear tracepreserving gateN is
Example. Let us consider single ququat projection operator P + = |0 >< 0| and P − = |1 >< 1| which can be defined by
Using formula (14) we derive
The linear trace-decreasing superoperator for von Neumann measurement projector P ± onto pure state iŝ
The superoperatorsÊ (±) are not trace-preserving. The probabilities p ± that processes represented by superoperatorsÊ (±) occurs are
V.3 Quantum gates for classical gates
For the concept of many-valued logic see Appendix II and [32, 33, 34] . Let us consider linear trace-preserving quantum gates for classical gates ∼, x, I 0 , I 1 , I 2 , I 3 , 0, 1, 2, 3, ♦, 2.
Lemma 8 Any single argument classical gate g(ν) can be realized as linear trace-preserving quantum four-valued logic gate byÊ
(1 − δ µg(ν) )|µ)(ν| .
Proof. The proof is by direct calculation inÊ
Examples.
Luckasiewicz negation gate iŝ
2. The four-valued logic gate I 0 can be realized bŷ
|3)(k|.
3. The gates I k (x), where k = 1, 2, 3 arê
4. The gate x can be realized bŷ
|1)(k|.
5. The constant gates 0 and k = 1, 2, 3 can be realized bŷ
6. The gate ♦x is realized bŷ
Let us consider quantum gates for two-arguments classical gates.
1. The generalized conjunction x 1 ∧ x 2 = min(x 1 , x 2 ) and generalized disjunction x 1 ∧ x 2 = max(x 1 , x 2 ) can be realized by two-ququats unital gate:
Let us write the quantum gate which realizes the these classsical gates in the generalized computational basis bŷ
The Sheffer-Webb function gatê
can be realized by two-ququats gate:
Note that this gate is not unital quantum gate.
VI Appendix I.

VI.1 Pure states and Hilbert space
A quantum system in a pure state is described by unit vector in a Hilbert space H. In the Dirac notation a pure state is denoted by |Ψ >. The Hilbert space H is a linear space with an inner product. The inner product for |Ψ 1 >, |Ψ 2 >∈ H is denoted by < Ψ 1 |Ψ 2 >. A quantum bit or qubit, the fundamental concept of quantum computations, is a two-state quantum system. The two basis states labeled |0 > and |1 >, is orthogonal unit vectors, i.e. < k|l >= δ kl , where k, l ∈ {0, 1}. The Hilbert space of qubit is H 2 = C 2 . The quantum system which is used to quantum computations consists of n quantum two-state particles. The Hilbert space H (n) of such a system is a tensor product of n Hilbert spaces H 2 of one two-state particle:
n dimensional complex linear space. Let us choose a basis for H (n) which is consists of the N = 2 n orthonormal states |k >, where k is in binary representation. The state is a tensor product of states in H (n) :
where k i ∈ {0, 1} and i = 1, 2, ..., n. This basis is usually called computational basis which has 2 n elements. A pure state |Ψ(t) >∈ H (n) is generally a superposition of the basis states
with N = 2 n and
VI.2 Operator Hilbert space
For the concept of operator Hilbert space and superoperators see [20] - [29] . The space of linear operators acting on a N = 2 ndimensional Hilbert space
by a ket-vector |A). The inner product of two elements |A) and |B) of H (n) is defined as
The norm A = (A|A) is the Hilbert-Schmidt norm of operator A. A new Hilbert space H with scalar product (16) is called operator Hilbert space attached to H or the associated Hilbert space, or Hilbert-Schmidt space [20] - [29] . Let {|k >} be an orthonormal basis of H (n) :
Then |k, l) = ||k >< l|) is an orthonormal basis of the operator Hilbert space H (n) :
where N = 2 n . The operator basis |k, l) has 4 n elements. Note that |k, l) = |kl >= |k > ⊗|l > and
where k i , l i ∈ {0, 1}, i = 1, ..., n and
For an arbitrary element |A) of H (n) we have
with (k, l|A) = T r(|l >< k|A) =< k|A|l >= A kl . An operator ρ of density matrix for n-qubits can be considered as an element |ρ) of space H (n) .
VI.3 Superoperators
Operators, which act on H, are called superoperators and we denote them in general by the hat. For an arbitrary superoperatorΛ on H, which is defined byΛ
we have
where N = 2 n . Let A be a linear operator in Hilbert space. Then the superoperatorsL A andR A will be defined bŷ
The superoperatorP = |A)(B| is defined bŷ
A superoperatorÊ † is called the adjoint superoperator for E if
for all |A) and |B) from H. A superoperatorÊ is unital if E(I) = I. Pauli matrices can be considered as a basis in operator space. Let us write the Pauli matrices in the form σ 1 = |0 >< 1| + |1 >< 0| = |0, 1) + |1, 0), σ 2 = −i|0 >< 1| + i|1 >< 0| = −i(|0, 1) − |1, 0)), σ 3 = |0 >< 0| − |1 >< 1| = |0, 0) − |1, 1), σ 0 = I = |0 >< 0| + |1 >< 1| = |0, 0) + |1, 1).
Let us use the formulas |0, 0) = 1 2 (|σ 0 ) + |σ 3 )) , |1, 1) = 1 2 (|σ 0 ) − |σ 3 )), |0, 1) = 1 2 (|σ 1 ) + i|σ 2 )) , |1, 0) = 1 2 (|σ 1 ) − i|σ 2 )).
It allows to rewrite operator basis |k, l) = |k 1 , l 1 ) ⊗ |k 2 , l 2 ) ⊗ ... ⊗ |k n , l n )
by complete basis operators
where µ i = 2k i + l i , i.e. µ i ∈ {0, 1, 2, 3} and i = 1, ..., n.
The basis |σ µ ) is orthogonal (σ µ |σ µ ′ ) = 2 n δ µµ ′ and |σ µ ) is complete operator basis 
VII Appendix II.
Let us consider some elements of classical four-valued logic. For the concept of many-valued logic see [32, 33, 34] . A classical four-valued logic gate is called a function g(x 1 , ..., x n ) if all x i ∈ {0, 1, 2, 3}, where i = 1, ..., n, and g(x 1 , ..., x n ) ∈ {0, 1, 2, 3}.
It is known that the number of all classical logic gates with n-arguments x 1 , ..., x n is equal to 4 Single argument classical gates x ∼ x 2x ♦x x I 0 I 1 I 2 I 3  0  3  0  0  1 3  0  0  0  1  2  0  3  2 0  3  0  0  2  1  0  3  3 0  0  3  0  3  0  3  3  0 0  0  0  3 The number of classical logic gates g(x 1 , x 2 ) with twoarguments is equal to 4 Cyclic shift: x = x + 1(mod4). Functions I i (x), where i = 0, ..., 3, such that I i (x) = 3 if x = i and I i (x) = 0 if x = i. Generalized conjunction: x 1 ∧ x 2 = min(x 1 , x 2 ). Generalized disjunction: x 1 ∨ x 2 = max(x 1 , x 2 ). Generalized Sheffer-Webb function: V 4 (x 1 , x 2 ) = max(x 1 , x 2 ) + 1(mod4).
Commutative law, associative law and distributive law for the generalized conjunction and disjunction are satisfied: Commutative law:
Associative law:
Distributive law:
Note that the Luckasiewicz negation is satisfied
The shift x for x is not satisfied usual negation rules:
The analog of disjunction normal form of the n-arguments 4-valued logic gate is g(x 1 , ..., x n ) = (k1,...,kn) I k1 (x 1 ) ∧ ... ∧ I kn ∧ g(k 1 , .., k n ).
It is known universal sets of universal classical gates of four-valued logic:
The set {0, 1, 2, 3, I 0 , I 1 , I 2 , I 3 , x 1 ∧x 2 , x 1 ∨x 2 } is universal. The set {x, x 1 ∨ x 2 } is universal. The gate V 4 (x 1 , x 2 ) is universal. This theorem is proved in [34] .
